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Abstract
In this paper we propose a stationary solution of Einstein’s field equations
describing Reissner-Nordstrom black hole in dark energy background. It is to be
regarded as the Reissner-Nordstrom black hole is embedded into the dark energy
solution producing Reissner-Nordstrom-dark energy black hole. We find that
the space-time geometry of Reissner-Nordstrom-dark energy solution is Petrov
type D in the classification of space-times. It is also shown that the embed-
ded space-time possesses an energy-momentum tensor of the electromagnetic field
interacting with the dark energy having negative pressure. We find the energy-
momentum tensor for dark energy violates the the strong energy condition due to
the negative pressure, whereas that of the electromagnetic field obeys the strong
energy condition. It is shown that the time-like vector field for an observer in the
Reissner-Nordstrom-dark energy space is expanding, accelerating, shearing and
non-rotating. We investigate the surface gravity of the horizons for the embedded
dark energy black hole. The characteristic properties of relativistic dark energy
based on the de Sitter solution is discussed in an appendix.
PACS number: 0420, 0420J, 0430, 0440N.
Keywords: Reissner-Nordstrom solution; dark energy solution; energy condi-
tions; surface gravity.
1 Introduction
The standard general relativistic interpretation of dark energy is based on the cos-
mological constant [1], which has the simplest model for a fluid with the equation of
state parameter w = p/ρ = −1, ρ = −p = constant [2]. It turns out the cosmolog-
ical constant to be the de Sitter solution with cosmological constant Λ representing
a relativistic dark energy with the non-perfect fluid energy-momentum tensor (A11)
or elaborately (A9) having energy density ρ = Λ/K and pressure p = −Λ/K with
K = 8πG/c4 (A8) (vide the appendix below). This suggests that a relativistic dark
energy must have a line-element describing the gravitational field in the form of energy-
momentum tensor having negative pressure with a minus sign in the equation of state
parameter. It is also true that a vacuum space-time with Tab = 0 cannot have negative
pressure to determine the equation of state parameter with minus sign. Hence the cos-
mological constant in vacuum Einstein’s field equations cannot describe the negative
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pressure for the minus sign in the equation of state parameter. The criteria of minus
sign in the equation of state is to indicate the matter distribution in the space-time
to be a dark energy, otherwise the plus sign in the equation of state is for the normal
matter as discussed below. According to the de Sitter solution as relativistic dark
energy (vide Appendix), there is another relativistic dark energy solution admitting
an energy-momentum tensor with the equation of state parameter w = p/ρ = −1/2,
ρ = 4m/Kr, p = −2m/Kr, where m is a constant considered to be the mass of dark
energy [3]. It is also to emphasize that the equation of state parameter w = −1/2
for the dark energy belongs to the range −1 < w < 0 focussed for the best fit with
cosmological observations [4] and references there in. Here we shall refer this solution
simply as dark energy solution without giving any extra prefix.
In general relativity the Schwarzschild solution is regarded as a black hole in an
asymptotically flat space. Its generalization is the Reissner-Nordstrom black hole. The
Reissner-Nordstrom-de Sitter solution is the charged extension of the Schwarzschild-de
Sitter solution which is interpreted as a black hole in an asymptotically de Sitter space
with the cosmological constant Λ [5]. The Reissner-Nordstrom-de Sitter solution is
also considered as an embedded black hole that the Reissner-Nordstrom solution is
embedded into the de Sitter space to produce the Reissner-Nordstrom-de Sitter black
hole [6]. Here we are looking for an exact solution to describe the Reissner-Nordstrom
black hole in the dark energy with the parameter w = p/ρ = −1/2 as Reissner-
Nordstrom-dark energy black hole. The embedded dark energy solution will be the
generalization of Schwarzschild-dark energy black hole [7].
Here we consider the dark energy solution possessing a non-perfect fluid energy-
momentum tensor having an equation of state parameter ω = p/ρ = −1/2 with
negative pressure derived in [3]. For deriving the Reissner-Nordstrom-dark energy
solution we adopt the mass function expressed in a power series expansion of the
radial coordinate [8] as
Mˆ(u, r) =
+∞∑
n=−∞
qn(u) r
n, (1.1)
where qn(u) are arbitrary functions of retarded time coordinate u = t− r. The mass
function Mˆ(u, r) has a powerful role in generating new exact solutions of Einstein’s
field equations [9]. Wang and Wu [8] have utilized the mass function in deriving
non-rotating embedded Vaidya solution into other spaces by choosing the function
qn(u) corresponding to the index number n. Further utilizations of the mass function
Mˆ(u, r) have been extended in rotating system and found the role of the number n
in generating rotating embedded solutions of the field equations [9]. Here we shall
consider the cases of the index number n as n = 0,−1, 2. That the value n = 0
corresponds to the Schwarzschild solution, n = −1 for the charge term and n = 2
for the dark energy solution possessing the equation of state parameter ω = −1/2
[3]. These values of n will conveniently combine in order to obtain embedded charged
Schwarzschild-dark energy black hole or Reissner-Nordstrom-dark energy black hole.
The resulting solution will be an extension of the non-charged Schwarzschild-dark
energy black hole discussed in [7], which is again a further extension of the work of
[3] with the dark energy when n = 2. Here we recall conveniently that the Reissner-
Nordstrom-de Sitter black hole is the combination of two solutions corresponding to
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the index number n = 0,−1 (Reissner-Nordstrom) and n = 3 (de Sitter), different from
the Reissner-Nordstrom-dark energy solution (to be discussed here) with n = 0,−1, 2
in the power series expansion of mass function Mˆ(u, r) (1.1).
The results of the paper are summarized in the following theorems:
Theorem 1. The embedded Reissner-Nordstrom-dark energy solution admitting an
energy-momentum tensor of electromagnetic field interacting with dark energy having
an equation of state parameter w = −1/2, is a non-vacuum Petrov type D space-time.
Theorem 2. The equation of state parameter for dark energy has a minus sign,
whereas the electromagnetic field (normal matter) has a plus sign showing the dif-
ference between the two matter fields.
Theorem 3. The time-like vector fields of the matter distribution in the Reissner-
Nordstrom-dark energy space-time are expanding, accelerating and shearing with zero-
twist.
Theorem 4. The energy-momentum tensor for dark energy possessing negative pres-
sure violates the strong energy condition leading to a repulsive gravitational field.
Theorem 5. The energy-momentum tensor for the electromagnetic field (normal mat-
ter) having positive pressure satisfies the strong energy condition providing an attrac-
tive gravitational field.
Theorem 6. The Reissner-Nordstrom-dark energy solution is expressible in Kerr-
Schild ansatze on different backgrounds.
Theorem 1 shows the physical interpretation of the solutions that all components
of the Weyl tensors except ψ2 of the space-time metric vanish indicating Petrov type D
gravitational field. The energy-momentum tensors associated with the solution shows
the interaction of electromagnetic field with the dark energy having the negative pres-
sure and the energy equation of state parameters w = −1/2. Theorem 2 indicates the
different characteristic properties of dark energy and the normal matter like electro-
magnetic field. Theorem 3 shows the physical interpretation of time-like vector field of
the matter distribution in Reissner-Nordstrom-dark energy solution. Theorem 4 and 5
establish the characteristic features for the dark energy and the electromagnetic field
possessing different gravitational fields. Theorem 6 strengthens the theorem stated
in [10] that every embedded black hole, stationary or non-stationary, is expressible in
Kerr-Schild ansatz.
2 Reissner-Nordstrom-dark energy black hole
In this section we shall show the derivation of an embedded Reissner-Nordstrom-
dark energy solution to Einstein’s field equations. This solution will describe charged
Schwarzschild black hole in asymptotically dark energy background as the Reissner-
Nordstrom-de Sitter black hole is regarded as a black hole in asymptotically de Sit-
ter space [11]. For deriving an embedded Reissner-Nordstrom-dark energy solution,
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we choose the Wang-Wu function qn(u) in the expansion series of the mass function
Mˆ(u, r) as
qn(u) =


M, when n = 0
−e2/2, when n = −1
m, when n = 2
0, when n 6= 0,−1, 2,
(2.1)
where M and e are constants. Then, the mass function takes the form
Mˆ(u, r) =
+∞∑
n=−∞
qn(u) r
n =M + r2m− e
2
2r
. (2.2)
Then using this mass function in general canonical metric in Eddington-Finkestein
coordinate system (u, r, θ, φ),
ds2 =
{
1− 2Mˆ (u, r)
r
}
du2 + 2du dr − r2dΩ2,
with dΩ2 = dθ2 + sin2θ dφ2, we find a line element
ds2 =
[
1− r−2
{
2r(M +mr2)− e2
}]
du2 + 2du dr − r2dΩ2, (2.3)
wherem is a constant regarded as the mass of the dark energy; andM and e denote the
mass and the charge of Reissner-Nordstrom black hole. The line-element will reduce
to that of Schwarzschild black hole when m = e = 0 with singularity at r = 2M , and
also it will be that of dark energy when M = e = 0 having singularity at r = (2m)−1
[4]. The line-element (2.3) will have a singularity when guu = 0, which has three roots
r = ri, i = 1, 2, 3. The Reissner-Nordstrom solution has two roots r = r± for guu = 0
when m = 0. It is noted that the mass m should not be considered here to be zero for
the existence of the dark energy.
The null tetrad components for metric line element are obtained as follows
ℓa = δ
1
a,
na =
1
2
[
1− 1
r2
{
2r(M +mr2)− e2
}]
δ1a + δ
2
a,
ma = − r√
2
{
δ3a + i sin θ δ
4
a
}
(2.4)
with the normalization conditions ℓan
a = 1 = −mam¯a and other inner products being
zero. The spin coefficients, Ricci scalars and Weyl scalars of the embedded Reissner-
Nordstrom-dark energy black hole are found as follows:
κ∗ = ǫ = σ = ν = λ = π = τ = 0,
ρ∗ = −1
r
, β = −α = 1
2
√
2r
cotθ,
µ∗ = − 1
2 r
{
1− 2M
r
− 2rm+ e
2
r2
}
,
4
γ =
1
2 r2
{
M −mr2 + e
2
r
}
, (2.5)
φ11 =
1
4 r2
{
2rm+ e2)
}
,
Λ∗ =
1
2r
m,
ψ2 =
1
6 r4
(−rM + e2).
The above stationary space-time possesses an energy-momentum tensor describing the
interaction of dark energy with the electromagnetic field as the source of gravitational
field:
Tab = 2 ρ ℓ(a nb) + 2 pm(am¯b), (2.6)
where the quantities are found as
ρ =
4
Kr
m+
e2
Kr4
,
p = − 2
Kr
m+
e2
Kr4
. (2.7)
These ρ and p are the density and pressure respectively for dark energy interacting
with the electromagnetic field. Here K denotes the universal constant K = 8πG/c4.
The equation (2.7) indicates that the contribution of the gravitational field to Tab is
measured by dark energy mass m and the electric charge e of Reissner-Nordstrom
solution. The energy-momentum tensor (2.6) is calculated from Einstein’s field equa-
tions Rab − (1/2)Rgab = −KTab of gravitational field for the space-time metric (2.3)
with the relation Kρ = 2φ11+6Λ
∗ and Kp = 2φ11−6Λ∗, where φ11 and Λ∗ are Ricci
scalars [12] given in (2.5).
As in general relativity the physical properties of a space-time geometry are deter-
mined by the nature of the matter distribution in the space, it is convenient to express
the energy-momentum tensor (2.6) in such a way that one must be able to understand
it easily in order to study the physical properties of the embedded solution. Thus,
the total energy-momentum tensor (EMT) for the solution (2.3) may, without loss of
generality, be decomposed in the following form as:
Tab = T
(e)
ab + T
(DE)
ab , (2.8)
where the EMTs for the electromagnetic field T
(e)
ab and the dark energy T
(DE)
ab are
respectively given as:
T
(e)
ab = 2 ρ
(e)ℓ(a nb) + 2 p
(e)m(am¯b)
T
(DE)
ab = 2ρ
(DE) ℓ(a nb) + 2p
(DE)m(am¯b),
where the coefficients are as
ρ(e) = p(e) =
1
Kr4
e2, (2.9)
ρ(DE) =
4
Kr
m, p(DE) = − 2
Kr
m. (2.10)
Thus, the equation of state parameters for the dark energy and the electromagnetic
field are found as
ω(DE) =
p(DE)
ρ(DE)
= −1
2
(2.11)
ω(e) =
p(e)
ρ(e)
= 1. (2.12)
These two equations show that the equation of state parameter for dark energy has
a minus sign in (2.11), whereas the electromagnetic field (normal matter) has a plus
sign (2.12) indicating the difference between dark energy and the normal matter. This
follows the proof of Theorem 2.
The energy-momentum tensor (2.6) satisfies the energy conservation law [13] ex-
pressed in Newman-Penrose (NP) formalism [12]
T ab;b = T
(e)ab
;b + T
(DE)ab
;b = 0. (2.13)
Here T ab itself satisfies the conservation law. On the other hand, we also find that both
T (e)ab and T (DE)ab are separately satisfied the same (vide [7]). The above equation
(2.13) shows the fact that the metric of the line element (2.3) describing embedded
Reissner-Nordstrom-dark energy is a solution of Einstein’s field equations. The com-
ponent of energy-momentum tensor (2.6) may also be written for future use as follows:
T uu = T
r
r = ρ, T
θ
θ = T
φ
φ = −p. (2.14)
We find the trace of the energy momentum tensor Tab (2.6) as
T = 2(ρ− p) = 12
Kr
m. (2.15)
Here we observe that ρ−pmust be always greater than zero for the existence of the dark
energy in embedded Reissner-Nordstrom-dark energy solution (2.3) with m 6= 0, (if
ρ = p implies thatm will vanish). It is found that the charge e does not appear in (2.15)
showing the fact that the trace of the energy-momentum tensor for electromagnetic
field always vanishes. The decomposition of energy-momentum tensor (2.8) indicates
the interaction of electromagnetic field T
(e)
ab with the dark energy T
(DE)
ab .
It is also convenient to write the energy-momentum tensor (2.6) in terms of time-
like ua (u
aua = 1) and space-like va (v
ava = −1) vector fields as
Tab = (ρ+ p)(uaub − vavb)− pgab (2.16)
where ua = (1/
√
2)(ℓa + na) and va = (1/
√
2)(ℓa − na). This is certainly different
from the energy-momentum tensor of the perfect fluid T
(pf)
ab = (ρ + p)ua ub − p gab
with the trace T (pf) = ρ− 3p. We observe from the energy densities and the pressures
given in (2.9) and (2.10) that the energy-momentum tensors for dark energy and
electromagnetic field obey the weak energy and the dominant energy conditions given
in [6]. However, T
(DE)
ab violates the strong energy condition
p(DE) ≥ 0, ρ(DE) + p(DE) ≥ 0. (2.17)
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This violation of the strong energy condition is due to the negative pressure (2.10), and
implies that the gravitational force of the dark energy is repulsive which may cause the
acceleration of the model, like the cosmological constant leads to the acceleration of
the expansion of the Universe. But, the energy-momentum tensor for electromagnetic
field T
(e)
ab obeys the strong energy condition leading the attractive gravitational field
p(e) ≥ 0, ρ(e) + p(e) ≥ 0. (2.18)
These complete the proofs of the Theorem 4 and 5 stated above for the two different
matter fields possessing different gravitational forces.
The tetrad components of Weyl tensor Cabcd of the embedded Reissner-Nordstrom-
dark energy black hole (2.3) are found as
ψ0 = ψ1 = ψ3 = ψ4 = 0,
ψ2 =
1
r4
{
− rM + e2
}
. (2.19)
The non-vanishing Weyl scalar ψ2 indicates that the space-time of the embedded
solution (2.3) is Petrov type D in the classification of space-times. The mass m of
the dark energy does not appear in (2.19) which shows the intrinsic property of the
conformally flatness of the dark energy, even embedded into the Reissner-Nordstrom
black hole. From (2.3), (2.11) and (2.19) it follows the proof of the Theorem 1 stated
in the introduction above.
The curvature invariant for the Reissner-Nordstrom-dark energy black hole (2.3)
is found as
RabcdR
abcd =
48
r8
(−Mr + e2)2 + 8
r8
(mr3 + e2)2 +
24
r2
m2. (2.20)
This invariant diverges only at the origin r = 0. This indicates that the origin r = 0 is
a physical singularity. This shows that the singularity of the Reissner-Nordstrom-dark
energy solution (2.3) is caused due to the coordinate system, such like in Schwarzschild
solution.
2.1 Kerr-Schild ansatze of Reissner-Nordstrom
-dark energy metric
Here we shall clarify the nature of the embedded solution in the form of Kerr-Schild
ansatze in different backgrounds that every embedded solution is expressible in Kerr-
Schild ansatz [10]. The Reissner-Nordstrom-dark energy metric can be expressed in
Kerr-Schild ansatz on the dark energy background
g
(RNDE)
ab = g
(DE)
ab + 2Q(r)ℓaℓb (2.21)
where Q(r) = −Mr−1 + e2r−2/2. Here, g(DE)ab is the dark energy metric and ℓa is
geodesic, shear free, expanding and zero twist null vector for both g
(DE)
ab as well as
g
(RNDE)
ab . The above Kerr-Schild form can also be recast on the Reissner-Nordstrom
background as
g
(RNDE)
ab = g
(RN)
ab + 2Q(r)ℓaℓb (2.22)
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where Q(r) = −mr. These two Kerr-Schild forms (2.21) and (2.22) show the fact that
the Reissner-Nordstrom-dark energy space-time (2.3) with the mass m of the dark en-
ergy is a solution of Einstein’s field equations. In view of the Kerr-Schild ansatze (2.21)
and (2.22) we have two different nomenclatures – Reissner-Nordstrom-dark energy
and dark energy-Reissner-Nordstrom. That “Reissner-Nordstrom is embedded into
the dark energy space to obtain Reissner-Nordstrom-dark energy black hole g
(RNDE)
ab
(2.21)” or “the dark energy space-time is embedded into the Reissner-Nordstrom black
hole to produce the dark energy-Reissner-Nordstrom black hole g
(DERN
ab (2.22) – both
nomenclatures possess the same geometrical structure. This is the important charac-
teristic property of embedded solutions that it is hard physically to distinguish which
space of the two has started first to embed into another. However, in the context of
combination of exact solutions, it is to emphasize the fact that the two metrics g
(RN)
ab
for Reissner-Nordstrom solution and g
(DE)
ab for dark energy cannot be added in order
to obtain g
(RNDE)
ab as
g
(RNDE)
ab 6=
1
2
{
g
(RN)
ab + g
(DE)
ab
}
. (2.23)
It is the fact that in general relativity two physically known solutions cannot be added
to derive a new embedded solution. From (2.21) and (2.22) we come to the conclusion
of the proof of theorem 6 above.
2.2 Raychaudhuri equation of Reissner-Nordstrom-dark energy
solution
We shall study the nature of the time-like vector ua = (1/
√
2)(ℓa + na) appeared in
the energy-momentum tensor (2.16) for the Reissner-Nordstrom-dark energy solution
(2.3). In fact it describes the physical properties of the matter whether the matter is
expanding (Θ = ua;a 6= 0), accelerating (u˙a = ua;bub 6= 0) shearing σab 6= 0 or non-
rotating (wab = 0). We shall investigate the rate of expansion from the Raychaudhuri
equation, such that we can understand how the negative pressure of the dark energy
affects the expansion rate of the model. We write the explicit form of the time-like
vector as
ua =
1
2
√
2
[
3− 2
r
(
M + r2m− e
2
2r
)]
δ1a +
1√
2
δ2a. (2.24)
This expression of ua;b is convenient to obtain the expansion scalar Θ = u
a
;a and
acceleration vector u˙a = ua;bu
b and the shear tensor σab = σ(ab) as follows
Θ =
1√
2 r2
(
r +M + 3r2m
)
, (2.25)
u˙a =
1√
2r2
{
M −mr2 − e
2
r
}
va (2.26)
σab =
1
3
√
2r2
(
r + 4M − 3e
2
r
)
(vavb −m(am¯b)), (2.27)
which is orthogonal to ua (i.e., σabu
b = 0). We find that for the solution (2.3), the
vorticity tensor wab is vanished. It is observed that the mass m of the dark energy
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does not explicitly involve in the expression of σab but its involvement can be seen
in the expression of ua. However, the mass m directly involves in the expression of
the expansion (2.25) as well as the acceleration (2.26). We find from (2.26) that the
Reissner-Nordstrom-dark energy solution discussed here follows the non-geodesic path
of the time-like vector (ua;bu
b 6= 0). This establishes the key result of the expansion
of the solution with acceleration. The vanishing of the vorticity tensor wab = 0 can
be interpreted physically as saying that the Reissner-Nordstrom-dark energy solution
is non-rotating (twist-free) as mentioned earlier.
Now we shall investigate the consequences of the Raychaudhuri equation for the
solution (2.3). The Raychaudhuri equation states
Θ˙ = u˙a;a + 2(w
2 − σ2)− 1
3
θ2 +Rabu
aub (2.28)
where Θ˙ = Θ;au
a; the shear and vorticity magnitudes are 2σ2 = σabσ
ab and 2w =
wabw
ab respectively; Rab is the Ricci tensor of the line element (2.3). Then the Ray-
chaudhuri equation for our twist-free time-like vector is found as follows
Θ˙ = − 1
4r2
(1 + 2mr)− M
r4
(r +M +mr2) +
e2
4r4
(
1 +
14M
r
)
. (2.29)
From this we observe that when the black hole mass M and the charge e vanish,
the rate of change of the expansion Θ˙ will be that of the dark energy solution. The
first term of (2.29) is for the dark energy solution, the first and second terms are
for the Schwarzschild-dark energy solution [6]; all three terms correspond for the
Reissner-Nordstrom-dark energy solution showing the interaction of dark energy and
the electromagnetic field. Hence, the equations (2.25), (2.26) and (2.27) establish the
proof of Theorem 3 that the time-like vector fields of the matter distribution in the
Reissner-Nordstrom-dark energy space-time are expanding, accelerating and shearing
with zero-twist.
2.3 Surface Gravity of Reissner-Nordstrom-dark energy black hole
In this subsection we shall discuss the surface gravity of Reissner-Nordstrom-dark
energy black hole on the horizon. The equation ∆ = 0 of the embedded Reissner-
Nordstrom-dark energy black hole (2.3) will provide the horizons
∆ ≡ 1− r−2
{
2r(M +mr2)− e2
}
= 0. (2.30)
This equation has three roots r1, r2 and r3 that r1 is real, other r2 is complex and r3
the conjugate of r2. They are explicitly found as
r1 =
1
6m
+H −G (2.31)
r2 =
1
6m
− (1 + i
√
3)
2
H +
(1− i√3)
2
G
r3 =
1
6m
− (1− i
√
3)
2
H +
(1 + i
√
3)
2
G,
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where
H =
1
6× 21/3mg (−1 + 12mM), G =
1
6× 21/3mg,
g =
{
h+
√
4(−1 + 12mM)3 + h2
}1/3
,
h = −2{1 + 54m2e2 − 18mM}. (2.32)
These roots satisfy the relation
(r − r1)(r − r2)(r − r3) = − r
2
6m
∆, (2.33)
where ∆ ≡ 1− r−2{2r(M +mr2)− e2}. The real root r1 describes the horizon of the
Reissner-Nordstrom-dark energy black hole, as the other complex roots r2 and r3 may
have less physical interpretation.
The surface gravity κ of the Schwarzschild-dark energy black hole on the horizons
r = r1 can be obtained as follows
κ =
1
2
∆′ =
1
r2
{
M −mr2 − e
2
r
}∣∣∣
r=r1
. (2.34)
It is observed that the charge e of Reissner-Nordstrom black hole affects the surface
gravity (2.34) of the embedded Reissner-Nordstrom-dark energy black hole. This in-
dicates the interaction of dark energy distribution with the electromagnetic field. The
surface gravity has an important feature that it determines the Hawking temperature
T = κ/2π of the embedded black hole on the horizons r = r1.
3 Conclusion
In this paper we proposed an exact solution of Einstein’s field equations describing the
Reissner-Nordstrom black hole embedded into the dark energy space having negative
pressure as Reissner-Nordstrom-dark energy black hole. This embedded solution is
the straightforward generalization of Schwarzschild-dark energy solution [6]. Here
we have followed the method of generating embedded solutions of Wang and Wu
[8] by considering the power index n as n = 0,−1 and 2 in the derivation of the
solution. Then we calculate all the NP quantities for the line element and find that
the embedded space-time possesses an energy-momentum tensor of the electromagnetic
field interacting with the dark energy having negative pressure. We have shown the
difference between the dark energy and the normal matter (like electromagnetic field)
that dark energy has the equation of state parameter with minus sign, whereas the
normal matter has the parameter with plus sign. The energy-momentum tensor of the
dark energy distribution in the embedded space-time (2.3) violates the strong energy
condition leading to a repulsive gravitational force, whereas that of the electromagnetic
field satisfies the strong energy condition producing attractive gravitation field. The
metric tensor of Reissner-Nordstrom-dark energy solution is able to express in Kerr-
Schild ansatze on different backgrounds (2.21) and (2.22) establishing the fact that the
Reissner-Nordstrom-dark energy space-time (2.3) with the mass m of the dark energy
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is a solution of Einstein’s field equations. We investigate the physical properties of the
solution and present them in the form of theorems with proofs.
It is observed that the polynomial equation ∆ = 0 (2.30) for the Reissner-Nordstrom-
dark energy solution has three roots r = ri, (i = 1, 2, 3). When the charge e becomes
zero, the polynomial will be ∆ ≡ 1 − 2r−1(M +mr2) = 0 for the Schwarzschild-dark
energy solution having two roots r± = (1/4m){1±
√
1− 16mM } [7]. Further if we set
the black hole mass M to zero, it will be that of the dark energy solution possessing
one root r = (2m)−1 [3]. Here according to Bousso [14], stars are as distance as billions
of light years, so r > 1060 and stars are as old as billions of years, t > 1060. In this
scale, the size of the mass of the dark energy at the horizon r = (2m)−1 may become
m =
1
2
r−1 <
1
2
× 10−60, (2.35)
which is bigger than the size of the de Sitter cosmological constant |Λ| ≤ 3r−2Λ ≤
3×10−120 with the cosmological horizon rΛ =
√
3/Λ. As mentioned earlier it is also to
emphasize that the equation of state parameter w = −1/2 for the dark energy belongs
to the range −1 < w < 0 focussed for the best fit with cosmological observations [4]
and references there in.
We find that the time-like vector of the observer is expanding Θ 6= 0 (2.25), ac-
celerating u˙a 6= 0 (2.26) as well as shearing σab 6= 0 (2.27), but non-rotating wab = 0.
The equation (2.26) for u˙a = ua;bu
b 6= 0 means that the stationary observer of the
solution does not follow the time-like geodesic path ua;bu
b = 0. We also find that the
energy-momentum tensor for the dark energy solution violates the strong energy con-
dition (2.17). The violation of strong energy condition is due to the negative pressure
of the dark energy in the space-time geometry, and is not an assumption in order to
obtain the other dark energy models [15].
The black hole massM does not involve in the Ricci scalar φ11 showing the vacuum
character of the Schwarzschild solution and the charge e in the Λ∗ ≡ (1/24)gabRab in-
dicating the traceless of energy-momentum tensor for the electromagnetic field. Also
the dark energy mass m does not involve in the Weyl scalar ψ2 confirming the con-
formal flat character of the dark energy solution [7]. The Ricci scalar φ11 shows the
interaction of electromagnetic field and dark energy as both the charge e and the dark
energy mass m are appeared in one expression. The decomposition of the energy-
momentum tensor (2.8) shows the possibility of the interaction of dark energy with
the electromagnetic field. The interaction of dark energy with other matter fields is
in agreement with the suggestion made by Sahni and Starobinsky [16]. It is also to
mention that when the black hole mass M = 0, the energy-momentum tensor with
the decomposition (2.8) will remain unaffected i.e., in that situation the space-time
(2.3) will describe a charged dark energy solution having the same properties given in
(2.11), (2.12), (2.13), (2.15), (2.17) and (2.18).
The decomposition (2.8) of energy-momentum tensor (2.6) indicates the interaction
of electromagnetic field with the dark energy. This is one of the remarkable properties
of the Reissner-Nordstrom-dark energy that two different matters of distinct physical
properties are present in one energy-momentum tensor (2.6) as the source of gravita-
tional field. It is also seen that the trace of Tab is T = 2(ρ−p) = 2(ρ(DE)−p(DE)) which
is different from that of perfect fluid T (pf) = ρ − 3p. The energy-momentum tensor
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for the dark energy with negative pressure violates the strong energy condition while
that for the electromagnetic field with positive pressure obeys the condition show-
ing the difference between the dark energy and the normal matter (electromagnetic
field). In fact this embedded solution possessing a non-perfect fluid energy-momentum
tensor may be an example of space-times which are enable to explain how the dark
energy is different from the normal matter. Another example of embedded space-time
possessing a non-perfect fluid energy-momentum tensor is the Reissner-Nordstrom-de
Sitter solution as the de Sitter cosmological constant Λ is regarded as a candle of dark
energy having an equation of state parameter ω(dS) = p(dS)/ρ(dS) = −1. In this paper
we have seen different characters of dark energy and the normal matter possessing
different gravitational fields in a single energy-momentum tensor of the space-time
geometry.
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Appendix A: de Sitter solution as relativistic dark energy
with cosmological constant
Here we shall show, by using the expansion series of the mass function [8], the deriva-
tion of de Sitter solution of cosmological constant Λ which is interpreted as the simplest
example of dark energy [4], [15], [16] and discuss the properties of the solution pos-
sessing the equation of state parameter w = −1 with negative pressure. So that we
shall compare the properties of the dark energy solution, discussed here in this paper,
possessing the equation of state w = −1/2 which is in the range −1 < w < 0 focussed
for the best fit with cosmological observations [4] and references there in.
We consider a line-element of a general canonical metric in Eddington-Finkestein
coordinate systems {u, r, θ, φ}
ds2 =
{
1− 2
r
M(u, r)
}
du2 + 2du dr − r2{dθ2 + sin2θ dφ2}, (A1)
whereM(u, r) is referred to as the mass function and related to the gravitational fields
within a given range of radius r. Here u = t− r is the retarded time coordinate.
Using the metric tensor of the line-element in the Einstein’s field equations Rab −
(1/2)Rgab = −KTab, we obtain an energy-momentum tensor describing the matter
field distribution in the gravitational field as
Tab = µℓaℓb + 2 ρ ℓ(a nb) + 2 pm(am¯b), (A2)
where the quantities are found as
µ = − 2
Kr2
M(u, r),u, ρ =
2
Kr2
M(u, r),r,
12
p = − 1
Kr
M(u, r),rr (A3)
with the universal constant K = 8πG/c4. The energy-momentum tensor (2.7) is
calculated from Einstein’s equations Rab − (1/2)Rgab = −KTab of gravitational field
for the space-time metric (2.3) with the relation K µ∗ = 2φ22, Kρ = 2φ11 + 6Λ
∗ and
Kp = 2φ11 − 6Λ∗, where φ11, φ22 and Λ∗ ≡ (1/24)Rab gab are NP Ricci scalars [12].
Here ℓa, na, ma and m¯a are the complex null tetrad vectors given as
ℓa = δ
1
a,
na =
1
2
{
1− 2
r
M(u, r)
}
δ1a + δ
2
a,
ma = − r√
2
{
δ3a + i sin θ δ
4
a
}
, (A4)
m¯a being the complex conjugate of ma. For obtaining the de Sitter solution with
cosmological constant Λ, we choose the Wang-Wu function for the index number n = 3
in (1.10) above.
qn(u) =
{
Λ/6, when n = 3
0, when n 6= 3, (A5)
such that the mass function M(u, r) takes the form
M(u, r) =
1
6
r3Λ. (A6)
Then using this in the line element (A1) we obtain the de Sitter solution with the
cosmological constant Λ in Eddington-Finkestein coordinate systems {u, r, θ, φ} as
ds2 =
{
1− 1
3
r2Λ
}
du2 + 2du dr − r2(dθ2 + sin2θ dφ2). (A7)
From (A3) and (A6) we have the quantities as follows
µ = 0 ρ =
Λ
K
, p = − Λ
K
. (A8)
where ρ and p are the energy density and pressure of the de Sitter solution with
cosmological constant Λ. Then the energy-momentum tensor (A2) becomes
Tab = 2 ρ ℓ(a nb) + 2 pm(am¯b), (A9)
having the trace as T = 2(ρ − p). This is the energy-momentum tensor for the de
Sitter solution with the cosmological constant Λ. From (A8) we obtain the equation
of state parameter as the ratio of the pressure to the density which takes the form
w =
p
ρ
= −1. (A10)
Replacing the energy density ρ and pressure p of (A8) in (A9) and using the metric
tensor gab = 2 ℓ(anb)−2m(am¯b) [12], we can write the energy-momentum tensor in the
most familiar form for the de Sitter metric
KTab = Λ gab. (A11)
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This is possible only because of the non-perfect fluid energy-momentum tensor (A9);
otherwise it may not be possible to write it at all. Then the Einstein’s field equations
Rab − (1/2)Rgab = −KTab can be written in the familiar form with cosmological
constant Λ as
Rab − (1/2)Rgab + Λ gab = 0. (A12)
These field equations do not mean the vanishing energy-momentum tensor as long as
the relativistic dark energy de Sitter solution associated with Tab (A11) is concerned
having negative pressure with the equation of state parameter w = p/ρ = −1 in the
space-time. However, the field equations (A12) may be interpreted as the Einstein’s
field equations for a vacuum space-time with a cosmological constant Λ. In this respect
Durrer and Maartens [1] have noted that “a vacuum energy and a classical cosmological
constant cannot be distinguished by observation.” It is also emphasized that the
energy-momentum tensor (A9) for de Sitter solution is different from that of a perfect
fluid, T
(pf)
ab = (ρ+ p)uaub − p gab with a unit time-like vector ua and the trace T (pf) =
ρ − 3p. The de Sitter space-time (A7) is conformally flat with Cabcd = 0, i.e. all the
tetrad components of Weyl tensor are vanished ψL = 0, L = 0, 1, 2, 3, 4.
Here we also mention that the strong energy condition for the energy-momentum
tensor of the form (A9) or (2.6) above for a non-perfect fluid has the following condition
[7], [13]
p ≥ 0, ρ+ p ≥ 0. (A13)
This energy condition is violated for the de Sitter model due to the negative pressure
(A8) leading to a repulsive gravitational field for a dark energy solution [3].
It is also to mention for more information about the de Sitter cosmological con-
stant that the Einstein’s field equations for the de Sitter model with the cosmological
function Λ(u) take the following form [13]
Rab − 1
2
Rgab + Λ(u)gab = −T (NS)ab , (A14)
where the non-stationary evolution part T
(NS)
ab of the energy-momentum tensor is given
by
T
(NS)
ab = −
1
3
rΛ(u),uℓaℓb,
which has zero-trace T (NS) = 0 and is vanished when the cosmological function Λ(u)
becomes constant. This shows that the introduction of variable Λ(u) in the field
equations needs to care the effect in the change of energy-momentum tensor (A2).
However, the equation of state parameter w has the same form as in (A10) with the
negative pressure p = −Λ(u)/K and the density ρ = Λ(u)/K.
From the above we observe that the de Sitter solution with cosmological constant
Λ, which possesses the energy-momentum tensor (A9) with negative pressure (A8)
and having the equation of state parameter w = p/ρ = −1 (A10), is one of the rela-
tivistic dark energy solutions. The energy-momentum tensor (A9) does not describe
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the perfect fluid and violates the strong energy condition (A13) due to the nega-
tive pressure. Hence, the dark energy solution with the equation of state parameter
w(DE) = p(DE)/ρ(DE) = −1/2 discussed here in this paper is interpreted as another ex-
ample of relativistic dark energy solutions. It is also to state for further reference that
the non-perfect fluid energy-momentum tensor (2.6) or (A9) is a general form of Tab for
stationary solutions including dark energy [3], Reissner-Nordstron-dark energy (2.6),
Reissner-Nordstron-de Sitter, rotating de Sitter, rotating monopole, Kerr-Newman-de
Sitter [9].
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